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REMARKS ON THE WDW EQUATION
ROBERT CARROLL
UNIVERSITY OF ILLINOIS, URBANA, IL 61801
Abstract. We show a kind of converse to some results of Hall and
Reginatto on exact uncertainty related to the Schro¨dinger andWheeler-
deWitt equations. Some survey material on statistical geometrodynam-
ics is also sketched.
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1. INTRODUCTION
We abbreviate SE for the Schro¨dinger equation andWDW for the Wheeler-
deWitt equation.
2. EXACT UNCERTAINTY AND THE SE
The exact uncertainty principle of Hall and Reginatto is discussed at
length in [9, 24, 25, 26, 45]. Basically following e.g. [24, 26] one de-
fines Fisher information via (•) Fx =
∫
dxP (x)[∂xlog(P (x))]
2 and a Fisher
length by δx = F
−1/2
x where P (x) is a probability density for a 1-D observ-
able x. The Cramer-Rao inequality says V ar(x) ≥ F−1x or simply ∆x ≥ δx.
For a quantum situation with P (x) = |ψ(x)|2 and ψ satisfying a SE one
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finds immediatly
(2.1) FX =
∫
dx|ψ|2
[
ψ′
ψ
+
ψ¯′
ψ¯
]2
dx =
= 4
∫
dxψ¯′ψ′ +
∫
dx|ψ|2
[
ψ′
ψ
− ψ¯
′
ψ¯
]2
=
4
~2
[
< p2 >ψ − < p2cl >ψ
]
where pcl = (~/2i)[(ψ
′/ψ) − (ψ¯′/ψ¯)] is the classical momentum observable
conjugate to x (∼ SX for ψ = Rexp(iS/~)). Setting now p = pcl + pnc
one obtains after some calculation () Fx = (4/~
2)(∆pnc)
2 = 1/(δx)2 ⇒
δx∆pnc = ~/2 as a relation between nonclassicality and Fisher information.
Note < p >ψ=< pcl >ψ, ∂t|ψ|2 + ∂x[|ψ|2m−1pcl] = 0 from the SE, and
(∆x)(∆p) ≥ (δx)(∆p) ≥ (δx)(∆pnc).
We recall also that from (2.1) Fx is proportional to the difference of a
quantum and a classical kinetic energy. Thus (~2/4)Fx(1/2m) = (1/2m) <
p2 >ψ −(1/2m) < p2cl >ψ and EF = (~2/8m)Fx is added to Ecl to get
Equant. By deBroglie-Bohm (dBB) theory there is a quantum potential
(2.2) Q =
~
2
8m
[(
P ′
P
)2
− 2P
′′
P
]
; P = |ψ|2
and evidently (⋆) < Q >ψ=
∫
PQdx = (~2/8m)Fx (upon neglecting the
boundary integral term at ±∞ - i.e. P ′ → 0 at ±∞).
Now the exact uncertainty principle (cf. [24, 26, 45]) looks at momentum
fluctuations (♣) p = ∇S + f with < f >= f¯ = 0 and replaces a classical
ensemble energy < E >cl by (P ∼ |ψ|2)
(2.3) < E >=
∫
dxP
[
(2m)−1|∇S + f |2 + V
]
=< E >cl +
∫
dxP
f · f
2m
Upon making an assumption of the form (♠) f · f = α(x, P, S,∇P,∇S, · · · )
one looks at a modified Hamiltonian (••) H˜q[P, S] = H˜cl +
∫
dxP (α/2m).
Then, assuming
(1) Causality - i.e. α depends only on S,P and their first derivatives
(2) Independence for fluctuations of noninteracting uncorrelated en-
sembles
(3) f → LT f for invertible linear coordinate transformations x→ L−1x
(4) Exact uncertainty - i.e. α = f · f is determined solely by uncer-
tainty in position
one arrives at
(2.4) H˜q = H˜cl + c
∫
dx
∇P · ∇P
2mP
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and putting ~ = 2
√
c with ψ =
√
Pexp(iS/~) a SE is obtained (cf. Sections
4 and 5 for more detail).
As pointed out in [10] in the SE situation with Q as in (2.2), in 3-D one
has
(2.5)
∫
PQd3x ∼ − ~
2
8m
∫ [
2∆P − 1
P
(∇P )2
]
d3x =
~
2
8m
∫
1
P
(∇P )2d3x
since
∫
Ω∆Pd
3x =
∫
∂Ω∇P · ndΣ can be assumed zero for ∇P = 0 on ∂Ω.
Hence (cf. Section 5 for more precision)
THEOREM 2.1. Given that any quantum potential for the SE has the
form (2.2) (with ∇P = 0 on ∂Ω) it follows that the quantization can be
identified with momentum fluctuations of the type studied in [26] and thus
has information content as described by the Fisher information.
3. WDW
The same sort of arguments can be applied for the WDW equation (cf.
[10, 24, 25, 42, 45, 50]). Thus take an ADM situation
(3.1) ds2 = −(N2 − hijNiNj) + 2Nidxidt+ hijdxidxj
and assume dynamics generated by an action () A =
∫
dt[H˜+
∫
DhP∂tS].
One will have equations of motion (⋆⋆) ∂tP = δH˜/δS and ∂tS = −δH˜/δP
(cf. [9, 25]). A suitable “classical” Hamiltonian is
(3.2) H˜c[P, S] =
∫
DhPH0
[
hij ,
δS
δhij
]
;
H0 =
∫
dx
[
N
(
1
2
Gijkℓπ
ijπkℓ + V (hij)
)
− 2Ni∇jπij
]
where Gijkℓ is the deWitt (super)metric (♣♣) Gijkℓ = (1/
√
h)(hikhjℓ +
hiℓhjk−hijhkℓ) and V ∼ cˆ
√
h(2Λ−3R). Then thinking of πij = δS/δhij+f ij
and e.g. H˜q = H˜c + (1/2)
∫
DhP
∫
dxNGijkℓf ijfkℓ one arrives via exact
uncertainty at a Fisher information contribution (cf. [19, 20])
(3.3) H˜q[P, S] = H˜cl +
c
2
∫
Dh
∫
dxNGijkℓ
1
P
δP
δhij
δP
δhkℓ
with ~ = 2
√
c and ψ =
√
Pexp(iS/~) resulting in (for N = 1 and Ni = 0)
(3.4)
[
−~
2
2
δ
δhij
Gijkℓ
δ
δhkℓ
+ V
]
ψ = 0
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with a sandwich ordering (Gijkℓ in the middle). In general there are also
constraints
(3.5)
δψ
δN
=
δψ
δNi
= ∂tψ = 0; ∇j
(
δψ
δhij
)
= 0
We note here (keeping N = 1 with Ni = 0)
(3.6)
δ
δhij
(
Gijkℓ
δ
δhkℓ
√
PeiS/~
)
=
[
δGijkℓ
δhij
(
1
2
P−1/2
δP
δhkℓ
+
iP 1/2
~
δS
δhkℓ
)
+
+Gijkℓ
{
−1
4
P−3/2
δP
δhkℓ
δP
δhij
+
1
2
P−1/2
δ2P
δhkℓδhij
− P
1/2
~2
δS
δhkℓ
δS
δhij
+
+
i
2~
P−1/2
(
δP
δhkℓ
δS
δhij
+
δS
δhkℓ
δP
δhij
)
+
iP 1/2
~
δ2S
δhkℓδhij
}]
eiS/~
Therefore writing out the WDW equation gives
(3.7) − ~
2
4P
δ
δhij
[
Gijkℓ
δP
δhkℓ
]
+
+
~
2
8P 2
Gijkℓ
δP
δhkℓ
δP
δhij
+Gijkℓ
[
~
2
8P
δ2P
δhijδhij
+
1
2
δS
δhkℓ
δS
δhij
]
+ V = 0;
2P
δG
δhij
δS
δhkℓ
+G
(
δP
δhkℓ
δS
δhij
+
δS
δhkℓ
δP
δhij
)
+ 2PG
δ2S
δhkℓδhij
= 0
It is useful here to compare with −(~2/2m)ψ′′ + V ψ = 0 which for
ψ = Rexp(iS/~) yields
(3.8)
1
2m
S2x + V +Q = 0; Q = −
~
2
4m
R′′
R
=
~
2
8m
[
2P ′′
P
−
(
P ′
P
)2]
along with ∂(R2S′) = ∂(PS′) = 0 (leading to (2.5)). The analogues here
are then in particular
(3.9)
1
2m
S2x ∼
1
2
Gijkℓ
δS
δhkℓ
δS
δhij
; Q =
~
2
8m
[
2P ′′
P
−
(
P ′
P
)2]
∼
∼ − ~
2
4P
δ
δhij
[
Gijkℓ
δP
δhkℓ
]
+Gijkℓ
{
~
2
8P 2
δP
δhkℓ
δP
δhij
+
~
2
4P
δ2P
δhijδhkℓ
}
We note that the Q term arises directly from
(3.10) Q = −~
2
2
P−1/2
δ
δhij
(
Gijkℓ
δP 1/2
δhkℓ
)
REMARKS ON THE WDW EQUATION 5
and hence
(3.11)
∫
Df PQ = −~
2
2
∫
DfP 1/2
δ
δhij
(
Gijkℓ
δP 1/2
δhkℓ
)
But from
∫
Dfδ[ ] = 0 one has (cf. (4.3))
(3.12)
∫
DfP 1/2
δ
δhij
(
Gijkℓ
δP 1/2
δhkℓ
)
= −
∫
Df
δP 1/2
δhij
Gijkℓ
δP 1/2
δhkℓ
This suggests heuristically (see Section 4 for more details of proof and
Section 5 for more precision)
THEOREM 3.1. Given a WDW equation of the form (3.4) with asso-
ciated quantum potential given via (3.10) (or (3.9)) it follows that the
quantum potential can be expressed via momentum fluctuations as in (3.3)
(for N = 1).
4. SOME FUNCTIONAL CALCULUS
We go here to [9, 25, 28, 37] and will first sketch the derivation of (3.4)
following [24, 25] (cf. also [9]). The relevant functional calculus goes as
follows. One defines a functional F of fields f and sets
(4.1) δF = F [f + δf ]− F [f ] =
∫
dx
δF
δfx
δfx
Here e.g. dx ∼ d4x and in the space of fields there is assumed to be a
measure Df such that
∫
Df ≡ ∫ Df ′ for f ′ = f + h (cf. [8, 25]). Then
evidently (♠♠) ∫ Df(δF/δf) = 0 when ∫ Df F [f ] <∞. Indeed
(4.2) 0 =
∫
Df(F [f + δf ]− F [f ]) =
∫
dxδfx
(∫
Df
δF
δfx
)
and this provides an integration by parts formula
(4.3)
∫
Df P
(
δF
δf
)
= −
∫
Df
(
δP
δf
)
F
for P [f ] a probability density functional. Classically a probability density
functional arises in discussing an ensemble of fields and conservation of
probability requires
(4.4) ∂tP +
∑
a
∫
dx
δ
δfax
(
P
δH
δgax
∣∣∣∣
g=δS/δf
)
where gax is the momentum corresponding to f
a
x and one assumes a motion
equation
(4.5) ∂tS +H
(
f,
δS
δf
, t
)
= 0
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The equations of motion here are then
(4.6) ∂tP =
∆H˜
∆S
; ∂tS = − H˜
∆P
where (•••) H˜(P, S, t) =< H >= ∫ DfPH(f, (δS/δf), t). The variational
theory here involves functionals I[F ] =
∫
Df ξ(F, δF/δf) and one can write
(4.7)
∆I = I[F +∆F ]−I[F ] =
∫
Df
[
∂ξ
∂F
∆F +
∫
dx
(
∂ξ
∂(δF/δfx)
)
δ(∆F )
δfx
]
=
=
∫
Df
[
∂ξ
∂F
−
∫
dx
δ
δfx
(
∂ξ
∂(δF/δfx)
)]
∆F+
+
∫
dx
∫
Df
δ
δfx
[(
∂ξ
∂(δF/δfx
)
δF
]
Assuming the term
∫
Df [ ]∆F is finite the last integral vanishes and one
obtains () ∆I =
∫
Df(∆I/∆F )∆F , thus defining a variational deriv-
ative
(4.8)
∆I
∆F
=
∂ξ
∂F
−
∫
dx
δ
δfx
(
∂ξ
∂(δF/δfx)
)
In the Hamiltonian theory one can work with a generating function S such
that (⋆⋆⋆) g = δS/δf and ∂tS +H(f, δS/δf, t) = 0 (HJ equation) and
solving this is equivalent to ∂tf = δH/δg and ∂tg = −δH/δf (cf. [25]).
Once S is specified the momentum density g is determinied via g = δS/δf
and an ensemble of fields is specified by a probability density functional
P [f ] (and not by a phase space density functionalρ[f.g]. In the HJ formu-
lation one writes (♣♣♣) Vx[f ] = ∂fx/∂t = (δH/δg)|g=δS/δf) and hence the
associated continuity equation ∂t
∫
DfP is
(4.9) ∂tP +
∫
dx
δ
δfx
[PVx] = 0
provided < Vx > is finite.
Now after proving (2.4) one proceeds as follows to produce a SE. The
Hamiltonian formulation gives (♠♠♠) ∂tP = ∆H˜/∆S and ∂tS = −∆H˜/δP
where the ensemble Hamiltonian is
(4.10) H˜ = H˜[P, S, t] =< H >=
∫
DfPH[f, δS/δf, t]
where P and S are conjugate variables. The equations (♠♠♠) arise from
∆A˜ = 0 where A˜ =
∫
dt[−H˜+∫ DfS∂tP . One specializes here to quadratic
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Hamiltonian functions
(4.11) Hc[f, g, t] =
∑
a,b
dxKabx [f ]g
a
xg
b
x + V [f ]
and to this is added a term as in (2.4) to get H˜ (which does not depend on
S). Hence from (♠♠♠) with ∂tfx = δHc/δgx one obtains following (4.9)
(4.12) ∂tP +
∫
dx
δ
δfx
[
P
δH
δgx
]
g=δS/δf
= 0
(cf. 4.8)). The other term in H˜ is simply
(4.13) (~2/4)
∫
Df
∫
PKabx (δP/δf
a
x )(δP/δf
b
x)(1/P
2)
and this provides a contribution to the HJ equation via ∂tS = −∆H˜/∆P
which will have the form
(4.14) Q = −~
2
4
P−1/2
∫
dx
δ
δfax
(
Kabx
δP 1/2
δf bx
)
corresponding to (3.10). We note further then from (3.12)
(4.15) Q ∼ ~
2
2
∫
dxGijkℓ
δP 1/2
δhij
δP 1/2
δhkℓ
∼ ~
2
8
∫
dxGijkℓ
1
P
δP
δhij
δP
δhkℓ
as in (3.3). Hence Theorem 3.1 is established under the hypotheses indi-
cated concerning Df etc.
5. ENTROPY AND FISHER INFORMATION
We recall first (cf. [7, 9, 11]) that the relation between the SE and
the quantum potential (QP) is not 1-1. The QP Q depends on the wave
function ψ = Rexp(iS/~) via Q = −(~2/2)(∆R/R) for the SE and thus
the solution of a quantum HJ equation, involving S and R(via Q), requires
the companion “continuity” equation to determine S and R (and thence
ψ). There is some lack of uniqueness since Q determines R only up to
uniqueness for solutions of ∆R + (2m/~2)QR = 0 and even then the HJ
equation St + · · · = 0 could introduce still another arbitrary function (cf.
[9, 11]). Thus to indicate precisely what is said in Theorems 2.1 and 3.1
we rephrase this in the form
THEOREM 5.1. In Theorem 2.1 we see that given a SE described via
a probability distribution P (= |ψ|2) one can identify this equation as a
quantum model arising from a classical Hamiltonian H˜cl perturbed by a
Fisher information term as in (2.4). Thus the quantization involves an in-
formation content with entropy significance (cf. here [10, 40]) for entropy
connections). This suggests that any quantization of H˜cl arises (or can
8 ROBERT CARROLL UNIVERSITY OF ILLINOIS, URBANA, IL 61801
arise) through momentum perturbations related to Fisher information and
it also suggests that P = |ψ|2 (with ∫ Pd3x = 1) should be deemed a re-
quirement for any solution ψ of the related SE (note
∫
Pd3x = 1 eliminates
many putative counterexamples). Thus once P is specified as a probability
distribution for a wave function ψ =
√
Pexp(iS/~) arising from a SE cor-
responding to a quantization of H˜cl, then Q can be expressed via Fisher
information. Similarly given Q as a Fisher information perturbation of H˜cl
(arising from momentum fluctuations involving P as in (2.4)) there is a
unique wave function ψ =
√
Pexp(iS/~) satisfying the corresponding SE.
THEOREM 5.2. For Theorem 3.1 let us assume there exists a suitable
Df as in Section 4, which is a measure in the (super)space of fields h. Then
there is an integration by parts formula (4.3) which removes the need for
considering surface terms in integrals
∫
d4x (cf. [18] for cautionary remarks
about Green’s theorem, etc.). Consequently given a WDW equation of the
form (3.4) with corresponding Q as in (3.10) (and ψ =
√
Pexp(iS/~), one
can show that the equation can be modelled on a perturbation of a clas-
sical H˜c via a Fisher information type perturbation as in (3.3) (cf. here
[9, 19, 20]). Here P represents a probability density of fields hij which
determine Gijkℓ (and V incidentally) and the very existence of a quantum
equation (i.e. WDW) seems to require entropy type input via Fisher infor-
mation fluctuation of fields. This suggests that quantum gravity requires a
statistical spacetime (an idea that has appeared before - cf. [9]).
We sketch now some material from [12, 13] supporting the idea of a sta-
tistical geometrodynamics (SGD). Here one builds a model of SGD based
on (i) Positing that the geometry of space is of statistical origin and is ex-
plained in terms of the distinguishability Fisher-Rao (FR) metric and (ii)
Assuming the dynamics of the geometry is derived solely from principles of
inference. There is no external time but an intrinsic one a` la [5]. A scale
factor σ(x) is required to assign a Riemannian geometry and it is conjec-
tured that it can be chosen so that the evolving geometry of space sweeps
out a 4-D spacetime. The procedure defines only a conformal geometry but
that is entirely appropriate d’apre`s [60]. One uses the FR metric in two
ways, one to distinguish neighboring points and the other to distinguish
successive states. Consider then a “cloud” of dust with coordinate values
yi ( i = 1, 2, 3) and estimates xi with p(y|x)dy the probability that the par-
ticle labeled xi should have been labeled yi (the FR metric encodes the use
of probability distributions - instead of structureless points). One writes
(5.1)
p(y|x+ dx)− p(y|x)
p(y|x) =
∂log[p(y|x)]
∂xi
dxi
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(5.2) dλ2 =
∫
d4yp(y|x)∂log[p(y|x)]
∂xi
∂log[p(y|x)]
∂xj
dxidxj = γijdx
idxj
and dλ2 = 0 ⇐⇒ dxi = 0. The FR metric γij is the only local Riemannian
metric reflecting the underlying statistical nature of the manifold of distri-
butions p(y|x) and a scale factor σ giving a metric gij(x) = σ(x)γij(x) is
needed for a Riemannian metric (cf. [12, 13]). Also the metric dλ2 is related
to the entropy of p(y|x+ dx) relative to p(y|x), namely
(5.3) S[p(y|x+dx)|p(y|x)] = −
∫
d3yp(y|x+dx)logp(y|x + dx)
p(y|x) = −
1
2
dλ2
and maximizing the relative entropy S is equivalent to minimizing dλ2.
One thinks of dλ as a spatial distance in specifying that the reason that
particles at x and x + dx are considered close is because they are dif-
ficult to distinguish. To assign an explicit p(y|x) one assumes the rel-
evant information is given via < yi >= xi and the covariance matrix
< (yi − xi)(yj − xj) >= Cij(x); this leads to
(5.4) p(y|x) = C
1/2
(2π)3/2
exp
[
−1
2
Cij(y
i − xi)(yj − xj)
]
where CikCkj = δ
i
j and C = det(cij). Subsequently to each x one associates
a probability distribution
(5.5) p(y|x, γ) = γ
1/2(x)
(2π)3/2
exp
[
−1
2
γij(x)(y
i − xi)(yj − xj)
]
where γij(x) = Cij(x) (extreme curvature situations are avoided here). One
deals with a conformal geometry described via γij and a scale factor σ(x)
will be needed to compare uncertainties at different points; the choice of σ
should then be based on making motion “simple”.
Thus define a macrostate via
(5.6) P [y|γ] =
∏
x
p(y(x)|x, γij(x)) =
=
[∏
x
γ1/2(x)
(2π)3/2
]
exp
[
−1
2
∑
x
γij(x)(y
i − xi)(yj − xj)
]
Once a dust particle in an earlier state γ is identified with the label x one
assumes that this particle can be assigned the same label x as it evolves
into the later state γ + ∆γ (equilocal comoving coordinates). Then the
change between P [y|γ +∆γ] and P [y|γ] is denoted by ∆ℓ and is measured
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via their relative entropy (this is a form of Kullback-Liebler entropy - cf.
[9])
(5.7)
S[γ +∆γ|γ] = −
∫ (∏
x
dy(x)
)
P [y|γ +∆γ]logP [y|γ +∆γ]
P [y|γ] = −
1
2
∆ℓ2
Since P [y|γ] and P [y|γ +∆γ] are products one can write
(5.8) S[γ +∆γ, γ] =
∑
x
S[γ(x) + ∆γ(x), γ(x)] =
= −1
2
∑
x
∆ℓ2(x); ∆ℓ2(x) = gijkℓ∆γij(x)∆γkℓ(x)
where, using (5.5)
(5.9) gijkℓ =
∫
d3yp(y|x, γ)∂log[p(y|x, γ)]
∂γij
∂log[p(y|x, γ)]
∂γkℓ
=
=
1
4
(
γikγji + γiℓγjk
)
Then ∆L2 =
∑
x∆ℓ
2(x) can be written as an integral if we note that
the density of distinguishable distributions is γ1/2. Thus the number of
distinguishable distributions, or distinguishable points in the interval dx is
dxγ1/2 (dx ∼ d3x) and one has
(5.10) ∆L2 =
∫
dxγ1/2∆ℓ2 =
∫
dxγ1/2gijkℓ∆γij∆γkℓ
Thus the effective number of distinguishable points in the interval dx is
finite (due to the intrinsic fuzziness of space). Now to describe the change
∆γij(x) one introduces an arbitrary time parameter t along a trajectory
(5.11) ∆γij = γij(t+∆t, x)− γij(t, x) = ∂tγij∆t
Thus ∂tγij is the “velocity” of the metric and (5.10) becomes
(5.12) ∆L2 =
∫
dxγ1/2gijkℓ∂tγij∂tγkℓ∆t
2
Now go to an arbitrary coordinate frame where equilocal points at t and
t+∆t have coordinates xi and x˜i = xi−βi(x)∆t. Then the metric at t+∆t
transforms into γ˜ij with
(5.13) γij(t+∆t, x) = γ˜ij(t+∆t, x)− (∇iβj +∇jβi)∆t
where ∇iβj = ∂iβj − Γkijβk is the covariant derivative associated to the
metric γij. In the new frame, setting γ˜ij(t + ∆t, x) − γij(t, x) = ∆γij one
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has
(5.14) ∆βγij = ∆γij − (∇iβj +∇jβi)∆t ∼ ∆βγij = γ˙ij∆t
γ˙ij = ∂tγij −∇iβj −∇jβi
leading to
(5.15) ∆βL
2 =
∫
dxγ1/2gijkℓγ˙ij γ˙kℓ∆t
2
Next one addresses the problem of specifying the best matching criterion,
i.e. what choice of βi provides the best equilocality match. This is treated
as a problem in inference and asks for minimum ∆βL
2 over β. Hence one
gets
(5.16) δ(∆βL
2) = 2
∫
dxγ1/2gijkℓγ˙ij γ˙kℓ∆t
2 = 0⇒
⇒ ∇ℓ(2gijkℓγ˙ij) = 0 ≡ ∇ℓγ˙kℓ = 0
(using (5.9) and γ˙kℓ = ∂tγ
kℓ +∇kβℓ +∇ℓβk). These equations determine
the shifts βi giving the best matching and equilocality for the geometry γij
and alternatively they could be considered as constraints on the allowed
change ∆γij = ∂tγij∆t for given shifts β
i. In describing a putative entropic
dynamics one assumes now e.g. continuous trajectories with each factor in
P [y|γ] evolving continuously through intermediate states labeled via ω(x) =
ωζ(x) where ζ(x) is a fixed positive function and 0 < ω < ∞ is a variable
parameter (some kind of many fingered time a` la Schwinger, Tomonaga,
Wheeler, et al). It is suggested that they dynamics be determined by an
action
(5.17) J =
∫ tf
ti
dt
∫
dxγ1/2[gijkℓγ˙ij γ˙kℓ]
1/2
The similarities to “standard” geometrodynamics are striking.
5.1. INFORMATION DYNAMICS. We go here to [14, 15] and con-
sider the idea of introducing some kind of dynamics in a reasoning process.
One looks at the Fisher metric defined by
(5.18) gµν =
∫
X
d4xpθ(x)
(
1
pθ(x)
∂pθ(x)
∂θµ
)(
1
pθ(x)
)(
∂pθ(x)
∂θν
)
and constructs a Riemannian geometry via
(5.19) Γσλν =
1
2
gνσ
(
∂gµν
∂θλ
+
∂gλν
∂θµ
− ∂gµλ
∂θν
)
;
Rλµνκ =
∂Γλµν
∂θκ
− ∂Γ
λ
µκ
∂θν
+ ΓηµνΓ
λ
κη − ΓηµκΓλνη
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Then the Ricci tensor is Rµκ = R
λ
µλκ and the curvature scalar is R =
gµκRµκ. The dynamics associated with this metric can then be described
via functionals
(5.20) J [gµν ] = − 1
16π
∫ √
g(θ)R(θ)d4θ
leading upon variation in gµν to equations
(5.21) Rµν(θ)− 1
2
gµν(θ)R(θ) = 0
Contracting with gµν gives then the Einstein equations R
µν(θ) = 0 (since
R = 0). J is also invariant under θ → θ + ǫ(θ) and variation here plus
contraction leads to a contracted Bianchi identity. Constraints can be built
in by adding terms (1/2)
∫ √
gT µνgµνd
4θ to J [gµν ]. If one is fixed on a given
probability distribution p(x) with variable θµ attached to give pθ(x) then
this could conceivably describe some gravitational metric based on quantum
fluctuations for example. As examples a Euclidean metric is produced in
3-space via Gaussian p(x) and complex Gaussians will give a Lorentz metric
in 4-space.
6. OTHER FORMS OF WDW
In general there are many approaches to WDW and we cite in particular
[1, 2, 3, 4, 5, 6, 9, 10, 16, 18, 21, 22, 23, 27, 29, 30, 31, 32, 33, 34, 35, 36, 37,
38, 39, 41, 42, 43, 44, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60].
In particular (for φ a matter field) the theory of [43, 44] leads to a Bohmian
form
(6.1)
{
−~2
[
κGijkℓ
δ
δhij
δ
δhkℓ
+
1
2
h−1/2
δ2
δφ2
]
+ V
}
ψ(hij , φ) = 0;
V = h1/2
[
−κ−1(3R− 2Λ) + 1
2
hij∂i∂jφ+ U(φ)
]
involving (for A2 ∼ P )
(6.2) κGijkℓ
δS
δhij
δS
δhkℓ
+
1
2
h−1/2
(
δS
δφ
)2
+ V +Q = 0;
Q = −~
2
A
(
κGijkℓ
δ2A
δhijδhkℓ
+
h−1/2
2
δ2A
δφ2
)
where the unregularized Q above depends on the regularization and factor
ordering prescribed for the WDW equation. In addition to (6.2) one has
(6.3) κGijkℓ
δ
δhij
(
A2
δS
δhkℓ
)
+
h−1/2
2
δ
δφ
(
A2
δS
δφ
)
= 0
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Other Bohmian situations are indicated in [9] and we are preparing a survey
article.
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